Given a connected weighted graph G ¼ ðV; EÞ, we consider a hypergraph HðGÞ ¼ ðV; F ðGÞÞ corresponding to the set of all shortest paths in G. For a given real assignment a on V satisfying 0 aðvÞ 1, a global rounding with respect to HðGÞ is a binary assignment satisfying that j P v2F aðvÞ À ðvÞj < 1 for every F 2 F ðGÞ. Asano et al. [3] conjectured that there are at most jVj þ 1 global roundings for HðGÞ. In this paper, we present monotone properties on size and affine corank of a set of global roundings under a clique connection operation.
Introduction
For a given real number a, its rounding is either bac or dae. Given a set V of n elements (we often call them vertices), we consider a map a 2 R V from V to R. A map : V ! Z is called a rounding of a if ðvÞ is a rounding of aðvÞ for each v 2 V. The choice of a rounding of a number a only depends on its decimal part. Thus, without loss of generality, we can assume that the range of a is in the closed interval ½0; 1, 1 and thus the range of is f0; 1g. In other words, a 2 ½0; 1 V and 2 f0; 1g V . There are (at most) 2 n different roundings for a. We consider a situation where we have a structure on V represented by a hypergraph H ¼ ðV; F Þ, where F & 2 V is the set of hyperedges. We call 2 f0; 1g V is a global rounding of a with respect to H if j! F ðÞ À ! F ðaÞj < 1 for each F 2 F , where ! F ðaÞ ¼ P v2F aðvÞ and ! F ðÞ ¼ P v2F ðvÞ. In other words, is a global rounding of a if and only if ! F ðÞ is a rounding of ! F ðaÞ for each
Rounding a set of data is a fundamental operation in computer science, and the evaluation of rounding error depends on the underlying combinatorial structure of the data set. It is popular to represent the underlying structure by using a hypergraph, for which a global rounding is an ideal rounding. In particular, rounding of digital data stream (1-dimensional data) and digital graphic image (2-dimensional data) have been considered as typical applications of global roundings in the literature, where hypergraphs correspond to certain sets of ranges and 2-dimensional regions in the data sets, respectively [2, 5, 13] . Rounding of a digital graphic image is known as digital halftoning, which is a major topic in computer vision. We refer to a survey paper of Asano [1] for application of the theory of global rounding to designing digital halftoning softwares.
The notion of global rounding on hypergraphs is related to that of discrepancy of hypergraphs [12] . Given a and b 2 ½0; 1 V , we define the discrepancy D H ða; bÞ between them on H by
Thus, is a global rounding of a if and only if D H ða; Þ < 1. In other words, a global rounding of a is an integral point in the open unit ball around a where the distance is measured by the discrepancy D H . Let À H ðaÞ be the set of all global roundings of a with respect to H. It is a classical result that an open ball with respect to D H always contains an integral point if and only if the hypergraph is unimodular [7] ; that is, the corresponding incidence matrix is totally unimodular (i.e., each subdeterminant belongs to f0; 1; À1g). Thus, min a2½0;1 V jÀ H ðaÞj > 0 if H is unimodular, otherwise it is 0. On the other hand, theory for ðHÞ ¼ max a2½0;1 V jÀ H ðaÞj has been considered very recently. Sadakane et al. [13] studied the structure of a set of global roundings for the hypergraph I n on V ¼ f1; 2; . . . ; ng with the hyperedge set f½i; j; 1 i j ng consisting of all subintervals. A corresponding global rounding is called sequence rounding, and is a convenient tool in digitization of sequence analogue data. The most fundamental fact in their theory is that ðI n Þ ¼ n þ 1.
It is easy to see that ðHÞ ! n þ 1 for any hypergraph H on n vertices. Indeed, if we consider a defined by aðvÞ ¼ 1=ðn þ 1Þ for every v, any satisfying that P v2V ðvÞ 1 is a global rounding, and obviously there are n þ 1 such . If ðHÞ is polynomially bounden by n, we have hope to enumerate all the global roundings in polynomial time. However, there are hypergraphs where ðHÞ is exponential in n, and hence it is an interesting problem to clarify criteria for hypergraphs so that ðHÞ is small (say, OðnÞ).
Asano et al. studied ðHÞ for the shortest-path hypergraphs. Consider a connected undirected graph G ¼ ðV; EÞ where each edge e has a positive edge weight 'ðeÞ. We say a graph is G is unweighted if 'ðeÞ ¼ 1 for each e 2 E. We define the shortest-path hypergraph HðGÞ ¼ ðV; F ðGÞÞ as follows: A subset F of V is a hyperedge in F ðGÞ iff F is the set of vertices of a shortest (i.e., minimum weight) path in G. Note that we permit more than two shortest-paths between a pair of vertices if they have the same weight.
Asano et al. gave the following conjecture [3] : Conjecture 1.1. ðHðGÞÞ ¼ n þ 1 for any connected graph G with n nodes.
The conjecture has been proved for trees, cycles, unweighted cliques [3] , outerplanar graphs [15] , and series-parallel graphs [4] . Indeed, the following stronger conjecture holds for series-parallel graphs. We say that a hypergraph H has the simplex property if À H ðaÞ is affine independent as a set of vectors (i.e., it forms a vertex set of a simplex) for any a. Here, we consider that an empty set is affine independent. Conjecture 1.2. HðGÞ has the simplex property for any connected graph G.
If K is a clique, we say clique connection for a K-connection. Especially, we say series connection and edge connection if K is an isolated vertex and an edge, respectively. We give the following result in this paper: Theorem 1.3. Let G be an unweighted graph that is a clique connection of graphs X and Y. For any given a 2 ½0; 1 V , let a X and a Y be restrictions of a to V X and V Y , respectively. Then, where jÀ HðGÞ ðaÞj K j is the cardinality of the restriction of À HðGÞ ðaÞ to the vertex set V K of the clique K.
This theorem has been proven as a key lemma in [3] for the series connection. For the edge connection, the theorem has been proven in [15] for a special case where X is a cycle. Moreover, the main tool in [4] is a K-connection where K (not necessarily a clique) has two special vertices u and v such that V K n fu; vg is incident to no edge in E n E K . We remark that the graphs can be weighted in the above three cases, whereas our Theorem 1.3 for a general clique connection is restricted to the unweighted case by technical reason.
Given a set S of vectors in n-dimensional space, we define its affine rank rðSÞ to be the maximum cardinality of affine independent subset of S. We denote the corresponding affine corank cðSÞ ¼ jSj À rðSÞ.
Let CðHðGÞÞ ¼ max a2½0;1 V cðÀ HðGÞ ðaÞ). Then, we have the following formula: Theorem 1.4.
CðHðGÞÞ CðHðXÞÞ þ CðHðYÞÞ:
As a corollary of Theorem 1.4, we show that simplex property holds for a k-tree.
Preliminaries
We list necessary definitions and results given in [3] . 
which is a contradiction. Ã
Main Results
Consider a clique connection G ¼ ðV; EÞ of graphs X and Y by a clique K. Given a 2 ½0; 1 V , let a X ¼ aj V X and a Y ¼ aj V Y be restrictions of a to X and Y, respectively. We also denote X and Y the restrictions of to X and Y, respectively. Proof. It suffices to show that j! F ð X Þ À ! F ða X Þj < 1 for any hyperedge F in HðXÞ. Let F be the set of vertices of a shortest path p in X between two vertices u and v. If p is a shortest path in G, the inequality follows from the assumption that 2 À HðGÞ ðaÞ. Thus, we assume that p is not a shortest path in G, and hence we have a shorter path q between u and v. Naturally, q must go through a vertex in V n V X . Let w (resp. w 0 ) be the vertex in V n V X on q that is nearest to u (resp. v), and let x (resp. x 0 ) be the vertex adjacent to w (resp. w 0 ) on the subpath of q between u and w (resp. v and w 0 ). The edge ðx; wÞ must be in E Y , and hence x must be in V X \ V Y . Similarly, x 0 must be in V X \ V Y , and x 6 ¼ x 0 . The shortest path between x and x 0 contains w, thus the length is at least 2. This is contradiction, since x and x 0 are in the clique K, and hence the distance between them should be 1. Ã
We give an ordering among vertices of V X n V K by using distances from them to the vertices of K. For each x 2 V X , let LðxÞ ¼ P v2K distðv; xÞ, where distðÁ Á ÁÞ is the shortest path distance. We remark that jdistðv; xÞ À distðv 0 ; xÞj 1 for v; v 0 2 V K since K is a clique and each edge has the unit length. Let distðx; KÞ be the distance between x and K, that is, distðx; KÞ ¼ min v2K distðx; vÞ. The following lemma is trivial: Lemma 3.2. If distðx; KÞ < distðx 0 ; KÞ, LðxÞ < Lðx 0 Þ.
Note that such an ordering is not unique, and we choose an arbitrary one.
Let 
Then, the concatenation p of the shortest path between x and v and that between v and y is a shortest path between x and y. Because of Lemma 3.2, any node on the shortest path between x and v is in X i , and hence p & G i . If Z x \ Z y ¼ ;, we choose v 2 Z x and w 2 Z y , and the path p obtained by concatenating a shortest path between x and v, the edge ðv; wÞ, and a shortest path between w and y is a shortest path between x and y. We can show p & G i analogously to the previous case. Ã Let A be a compatible set of HðGÞ. We fix an element 2 f0; 1g K , and define AðÞ ¼ f 2 A : j K ¼ g. We define A X ðÞ and A Y ðÞ to be the restriction of AðÞ to X and Y, respectively. Now, let us prove the claim by induction on i. If i ¼ 0, X i ¼ K, and the claim is trivial since is the only element in A 0 . We assume that M iÀ1 is a forest, and show that M i is forest to complete the induction.
For an element 2 A iÀ1 , let È 0 and È 1 are assignments on V i by extending such that the values at v i are 0 and 1, respectively. Any edge in M i have a form ð È 0; Þ or ð È 1; Þ for a suitable edge ð; Þ of M iÀ1 .
Let ð; Þ and ð; Þ be edges in M iÀ1 . We show that it cannot happen that all of ð È 0; Þ ð È 1; Þ ð È 0; Þ ð È 1; Þ are edges of M i . This is shown analogously to the proof of Lemma 2.3: Indeed, if all of them are edges, consider a vertex w 2 Y such that ðwÞ 6 ¼ ðwÞ. Let p be a shortest path of G between v i and w such that p 2 G i (such a path exists because of Lemma 3.3). We consider the nearest vertex z on p to K such that ðzÞ 6 ¼ ðzÞ. Without loss of generality, we assume that ðzÞ ¼ 0 and ðzÞ ¼ 1. Thus, È 0 È and È 1 È cannot be compatible, since their total sums on the subpath of p between v i and z are different by 2 from each other. This contradicts that both of them are restrictions of members of AðÞ. Now, we prove that M i is a forest. Assume on the contrary that M i has a cycle C. Because M i is bipartite, C has 2m vertices where m ! 2. We project C to M iÀ1 by mapping each edge ð È Ã; Þ to ð; Þ, where Ã is 0 or 1, to obtain a tour ProjðCÞ. ProjðCÞ cannot have a cycle as a subgraph since M iÀ1 is a forest, and thus it is a traversal of a tree T such that any vertex corresponding to A Y ðÞ is visited once. Thus, we can see that T contains a path that consists of three vertices ; ; such that 2 A iÀ1 , ; 2 A Y ðÞ. Since each edge is traversed twice, this means that all of ð È 0; Þ ð È 1; Þ ð È 0; Þ ð È 1; Þ are edges of M i . Thus, we have a contradiction, and hence M i must be a forest. Ã Theorem 3.5. In order to use as a tool to approach our conjecture that ðHðGÞÞ ¼ n þ 1, the above corollary is a little weak. Indeed, even if the conjecture holds for X and Y, the formula only implies that ðHðGÞÞ n þ k þ 1, where k is the size of the clique.
The following formula is more convenient to use. Recall that CðHðGÞÞ is the maximum of affine corank of a set of global roundings. It is known that HðKÞ of a clique K has the simplex property. Thus, A K is affine independent, and cðA K Þ ¼ 0. Therefore, it suffices to prove that cðAðÞÞ cðAðÞ X Þ þ cðAðÞ Y Þ for each 2 A K .
This comes from basic linear algebra by using the fact that the bipartite graph M ¼ M m given in the proof of Lemma 3.4 is a forest. Let 
Þ
In general, we consider a set S of vectors in a direct product R n ¼ R m Â R nÀm and let S 0 and S 1 be its restriction to R m and R nÀm . Let M ¼ ðS 0 ; S 1 ; EÞ be the bipartite graph such that ð; Þ 2 E iff È 2 S for 2 S 0 and 2 S 1 . We prove that if M is a forest, then
We show (1) by induction on jEj ¼ jSj. It is clear that (1) holds if jSj ¼ 1, where cðSÞ ¼ cðS 0 Þ ¼ cðS 1 Þ ¼ 0. Since M is a forest, M has a leaf vertex. Without loss of generality, we assume that the leaf vertex corresponds to 2 S 0 , and incident to a unique edge e ¼ ð; Þ. We remove È from S to have a smaller setS S of vectors. The corresponding graphM M is a forest and it has jEj À 1 edges. By induction hypothesis, cðS SÞ cðS S 0 Þ þ cðS S 1 Þ.
Since S 1 does not change, cðS 1 Þ ¼ cðS S 1 Þ: It is clear that cðSÞ cðS SÞ þ 1. Thus, if cðS S 0 Þ cðS 0 Þ À 1, we have the formula (1) .
Therefore, we assume that cðS S 0 Þ ¼ cðS 0 Þ. This means that is contained in every maximal (thus, maximum size) affine independent set in S 0 . Thus, if P Then, we can see that dðÞ ¼ d 0 ðÞ since gives the only incident edge to . This means that dðÞ ¼ 0. Thus, is contained in every maximal affine independent set of S. Thus, cðS SÞ ¼ cðSÞ, and hence we have cðSÞ cðS 0 Þ þ cðS 1 Þ. Ã Corollary 3.9. Suppose that G is a clique connection of X and Y, and both of HðXÞ and HðYÞ have the simplex property. Then HðGÞ has the simplex property, and accordingly ðHðGÞÞ ¼ n þ 1.
Proof. Simplex property is equivalent to the condition that the corank is zero. Thus, G has the simplex property. Since ðHðGÞÞ is bounded by the affine rank n þ 1 of n-dimensional space, ðHðGÞÞ n þ 1. It is shown in the introduction that ðHðGÞÞ ! n þ 1. Ã A graph is k-tree if it is connected and constructed by a series of clique connections by using cliques of size less than or equal to k. 
Conclusion
It is an open problem to relax the unit weight condition in our result. We note that if we can remove the edge weight condition completely, we can prove Conjecture 1.1, since we have the simplex property for a partial k-tree (i.e., subgraph of a k-tree) without bounding k as a consequence. It is interesting to consider a weaker case where each edge of K has less weight than an edge in G n K.
